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LIOUVILLE-TYPE THEOREMS FOR POLYHARMONIC
HE´NON-LANE-EMDEN SYSTEM
QUOC HUNG PHAN
Abstract. We study Liouville-type theorem for polyharmonic He´non-Lane-Emden system
(−∆)mu = |x|avp, (−∆)mv = |x|buq when m, p, q ≥ 1, pq 6= 1, and a, b ≥ 0. It is a natural
conjecture that the nonexistence of positive solutions should be true if and only if (N +a)/(p+
1)+ (N + b)/(q + 1) > N − 2m. It is shown by Fazly[6] that the conjecture holds for radial
solutions in all dimensions and for classical solutions in dimension N ≤ 2m+ 1. We here give
some partial results in dimension N ≥ 2m+ 2.
1. Introduction
In this paper, we study the following polyharmonic He´non-Lane-Emden system{
(−∆)mu = |x|avp, x ∈ Ω,
(−∆)mv = |x|buq, x ∈ Ω,
(1)
where a, b ≥ 0, m, p, q ≥ 1, pq 6= 1 and Ω is a domain of RN . Our primary interest is the
Liouville property – i.e. the nonexistence of solution in the entire space Ω = RN . Throughout
of this paper, we restrict ourselves to the case of nonnegative classical solutions.
We first recall the counterpart (1) when m = 1, the so-called He´non-Lane-Emden system{
−∆u = |x|avp, x ∈ Ω,
−∆v = |x|buq, x ∈ Ω,
(2)
which has been extensively studied by many authors. The He´non-Lane-Emden conjecture states
that there is no positive classical solution to (2) in Ω = RN if and only if
N + a
p + 1
+
N + b
q + 1
> N − 2. (3)
For the case a = b = 0, this conjecture is known to be true for radial solutions in all dimensions
[11, 17]. For non-radial solutions, in dimension N ≤ 2, the conjecture is a consequence of a
result of Mitidieri and Pohozaev [12]. In dimension N = 3, it was proved by Serrin and Zou
[16] under the additional assumption that (u, v) has at most polynomial growth at ∞. This
assumption was then removed by Polacik, Quittner and Souplet [15] and hence the conjecture
is true for N = 3. Recently, the conjecture was proved in dimension N = 4 by Souplet [18].
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Some partial results were also established for N ≥ 5, see [18, 3, 9, 4]. For the case a 6= 0
or b 6= 0, the conjecture was proved for the case of radial solutions in all dimensions (see [2]).
More recently, it was proved in dimension N ≤ 3 for the class of bounded solutions (see [7, 13]).
In higher dimensions, the conjecture is still open, only some partial results were obtained (see
e.g.[13] and references therein).
Concerning the scalar counterpart of (1), (−∆)mu = |x|aup, the Liouville type result is
completely solved when a = 0 (see [9, 19]). The critical exponent in this case is pS(m) =
N+2m
N−2m
.
When a 6= 0, the Liouville type result was proved in dimensions N ≤ 2m + 1 – see [14] for
m = 1, Cowan [5] for m = 2, and Fazly [6] for any m ≥ 1.
We now return to general system (1), it has been conjectured that the critical hyperbola is
the following
N + a
p+ 1
+
N + b
q + 1
= N − 2m. (4)
Conjecture A. Suppose that (p, q) is below the critical hyperbola (4), i.e.
N + a
p+ 1
+
N + b
q + 1
> N − 2m, (5)
then there is no positive solution in RN of system (2).
So far, this conjecture was proved for the class of radial solutions in any dimension (see
[6, 10]). For nonradial solutions, this conjecture is true for dimension N ≤ 2m. In fact, the
Liouville-type theorem for super-solutions was completely proved under a stronger assumption
(e.g [12]), namely
max
{2m(p+ 1)
pq − 1
+
a + bp
pq − 1
,
2m(q + 1)
pq − 1
+
b+ aq
pq − 1
}
≥ N − 2m.
More recently, Fazly in [6] has proved this conjecture for general case in dimension N = 2m+1
in the class of bounded solutions. And independently, for the special case a = b = 0, the
authors in [1] have proved this conjecture in dimension N = 2m + 1 and N = 2m + 2. The
proofs in [6, 1] are essential refinements of those of Souplet [18].
In this paper, we establish the Liouville-type theorems for system (2) in higher dimensions.
Our results are the following
Theorem 1.1. Let (u, v) be nonnegative bounded solution of (1) in RN . Assume (5) and
max
{2m(p+ 1)
pq − 1
,
2m(q + 1)
pq − 1
}
≥ N − 2m− 1. (6)
Then u ≡ v ≡ 0.
Theorem 1.2. Let (u, v) be nonnegative solution of (1) in RN . Assume (6) and
N
p+ 1
+
N
q + 1
> N − 2m. (7)
Then u ≡ v ≡ 0.
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The proof of Theorem 1.1 employs the technique of Souplet [18], which is based on a combi-
nation of Rellich-Pohozaev identity, Sobolev and interpolation inequality on SN−1 and feedback
and measure arguments. However, we point out that significant additional difficulties arise in
our case. For instance, the very technical measure and feedback arguments become even more
complicated when we work on high polyharmonic operator, and the presence of different ho-
mogeneities of weight functions and makes the problem much more delicate. In the difference
from the case in [6], the failure of the Sobolev embedding W 2m,1+ε ⊂ L∞ on SN−1 for dimen-
sions N ≥ 2m + 2 makes the proof become significantly more difficult. Besides that, we can
not derive the comparison between components u and v due to the lack of maximum principle
when dealing with high order operator, we follow the idea in [1] to overcome this difficulty.
Theorem 1.1 is still true for polynomially bounded solutions, i.e. if u(x) + v(x) ≤ C|x|s for
x large, with some s > 0. This follows from easy modifications of the proof. Let us recall that
Liouville type theorems for bounded solutions are usually sufficient for applications such as a
priori estimates and universal bounds, obtained by rescaling arguments (see [8, 15]).
The proof of Theorem 1.2 is based on a combination of Rellich-Pohozaev identity and decay
estimates of solutions which is derived from Liouville-type results for polyharmonic Lane-Emden
system. Interestingly, no boundedness assumption on solutions is required.
The rest of paper is organized as follows. In Section 2, we recall some functional inequalities,
Rellich-Pohozaev identity. Section 3 is devoted to the proof of Theorem 1.1. The proof of
Theorem 1.2 is given in Section 4.
2. Preliminaries
For R > 0, we set BR = {x ∈ R
N ; |x| < R}. We shall use spherical coordinates r = |x|,
θ = x/|x| ∈ SN−1 and write u = u(r, θ). The surface measures on SN−1 and on the sphere
{x ∈ RN ; |x| = R}, R > 0, will be denoted respectively by dθ and by dσR. For given function
w = w(θ) on SN−1 and 1 ≤ k ≤ ∞, we set ‖w‖k = ‖w‖Lk(SN−1). When no confusion is likely,
we shall denote ‖u‖k = ‖u(r, ·)‖k.
2.1. Some functional inequalities. We recall some following fundamental interpolation in-
equalities and elliptic estimates.
Lemma 2.1 (Sobolev inequalities on SN−1). Let N ≥ 2, j ≥ 1 is integer and 1 < k < λ ≤ ∞,
k 6= (N − 1)/j. For w = w(θ) ∈ W j,k(SN−1), we have
‖w‖λ ≤ C(‖D
j
θw‖k + ‖w‖1)
where {
1
k
− 1
λ
= j
N−1
, if k < (N − 1)/j,
λ =∞ if k > (N − 1)/j,
and C = C(j, k, N) > 0.
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The next two lemmas follow from the standard estimates for R = 1 and an obvious dilation
argument. The proof of Lemma 2.2 makes use of standard elliptic Lp- estimates for second
order elliptic equations and interpolation inequalities.
Lemma 2.2 (Elliptic Lp- estimates on an annulus). Let 1 < k < ∞. For R > 0 and z =
z(x) ∈ W 2m,k(B2R \BR/4), we have∫
BR\BR/2
|D2mx z|
kdx ≤ C
( ∫
B2R\BR/4
|∆mz|kdx+R−2mk
∫
B2R\BR/4
|z|kdx
)
,
with C = C(m,N, k) > 0.
2.2. Basic estimates and Rellich-Pohozaev identity. For the sake of simplicity, we denote
by
k =
p+ 1
p
, h =
q + 1
q
,
ui = ∆
iu, vi = ∆
iv, i = 0, 1, ..., m,
F (R) =
∫
BR
(|x|buq+1 + |x|avq+1)dx.
We set
α =
2m(p+ 1)
pq − 1
, β =
2m(q + 1)
pq − 1
.
Then the condition (5) in Conjecture A is equivalent to
α + β + 2m−N +
b
2m
α +
a
2m
β > 0. (8)
We have the following basic integral estimates for solutions of (1).
Lemma 2.3 ([12, 6]). Let p, q ≥ 1, pq 6= 1, a, b ≥ 0, and (u, v) be a positive solution of (1) in
Ω = RN . Then for any R > 0, there hold∫
BR\BR/2
|x|avp dx ≤ CRN−2m−α−
a+bp
pq−1 ,
∫
BR\BR/2
|x|buqdx ≤ CRN−2m−β−
b+aq
pq−1 , (9)
with C = C(N,m, p, q, a, b) > 0.
By applying Lemma 2.2–2.3 and the boundedness of (u, v), we obtain the following estimates
on the derivatives of u and v.
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Lemma 2.4. Let p, q ≥ 1, pq 6= 1, a, b ≥ 0, and (u, v) be a bounded positive solution of (1),
there exists a constant C independent of R such that


∫
BR\BR/2
|D2mx u|
1+εdx ≤ CRN−2m−α−
a+bp
pq−1
+aε,
∫
BR\BR/2
|D2mx v|
1+εdx ≤ CRN−2m−β−
b+aq
pq−1
+bε,
(10)


∫
BR\BR/2
|D2mx u|
kdx ≤ CR
a
pF (2R),
∫
BR\BR/2
|D2mx v|
hdx ≤ CR
b
pF (2R),
(11)


∫
BR\BR/2
|ui|dx ≤ CR
N−2i−α− a+bp
pq−1 , i = 0, 1, ..., m,
∫
BR\BR/2
|vi|dx ≤ CR
N−2i−β− b+aq
pq−1 , i = 0, 1, ..., m,
(12)


∫
BR\BR/2
|Dxuj|dx ≤ CR
N−2j−1−α− a+bp
pq−1 , j = 0, ..., m− 1,
∫
BR\BR/2
|Dxvj |dx ≤ CR
N−2j−1−β− b+aq
pq−1 , j = 0, ..., m− 1.
(13)
Proof. By using Lemmas 2.2, 2.3, and the boundedness of (u, v), we have
∫
BR\BR/2
|D2mx u|
1+εdx ≤ C
∫
B2R\BR/4
|∆mu|1+εdx+ CR−2m(1+ε)
∫
B2R\BR/4
u1+εdx
≤ C
∫
B2R\BR/4
|x|a+aεvp+pεdx+ CR−2m(1+ε)
∫
B2R\BR/4
u1+εdx
≤ CRaε
∫
B2R\BR/4
|x|avpdx+ CR−2m(1+ε)
∫
B2R\BR/4
u dx
≤ CRN−2m−α−
a+bp
pq−1
+aε + CRN−2m−α−
a+bp
pq−1
−2mε
≤ CRN−2−α−
a+bp
pq−1
+aε.
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The second inequality of (10) holds by similar calculation. Next,∫
BR\BR/2
|D2mx u|
kdx ≤ C
( ∫
B2R\BR/4
|∆mu|kdx+R−2mk
∫
B2R\BR/4
ukdx
)
= C
( ∫
B2R\BR/4
|x|kavp+1dx+R−2mk
∫
B2R\BR/4
ukdx
)
≤ C
(
Ra/pF (2R) +R−2mk
∫
B2R\BR/4
ukdx
)
.
By Ho¨lder inequality, for R > 1, we have
A1 = R
−2mk
∫
B2R\BR/4
ukdx
≤ CR−2mkRN(pq−1)/p(q+1)
( ∫
B2R\BR/4
uq+1dx
)(p+1)/p(q+1)
≤ CRη1/pF (2R),
with η1 = −2m(p+1)+N(pq−1)/(q+1)−b(p+1)/(q+1), where we used (p+1)/p(q+1) < 1,
along with
F (R) ≥ F (1) > 0, R > 1.
We have to show that η1 < a. Indeed,
a− η1 = 2m(p+ 1)−N
pq − 1
q + 1
+ b
p+ 1
q + 1
+ a
= 2m(p+ 1)−N
pq − 1
q + 1
+ b
p(q + 1)− (pq − 1)
q + 1
+ a
=
2m
β
(
(p+ 1)β −N +
b
2m
pβ − b+
a
2m
β
)
=
2m
β
(
2m+ α + β −N +
b
2m
α +
a
2m
β
)
> 0.
The second inequality of (11) holds by similar calculation.
Inequalities (12) follow from Lemmas 2.3 and regularity estimate for Laplace equation and
interpolation inequalities. For the proof of (13), it follow from [14, Lemma 4.3] that∫
BR\BR/2
|Dxuj|dx ≤ CR
∫
B2R\BR/4
|uj+1|dx+ CR
−1
∫
B2R\BR/4
|uj|dx.
This combined with (12) yields desired estimates. 
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The following Rellich-Pohozaev identity plays a key role in the proof of Theorems 1.1 and
1.2. The proof of this identity is standard and we refer to [1, 6] for details.
Lemma 2.5 (Rellich-Pohozaev identity). Let a1, a2 ∈ R satisfy a1 + a2 = N − 2m and (u, v)
solution of (1), there holds(
N + a
p+ 1
− a1
)∫
BR
|x|avp+1dx+
(
N + b
q + 1
− a2
)∫
BR
|x|buq+1dx
=
1
q + 1
R1+b
∫
|x|=R
uq+1dσR +
1
p + 1
R1+a
∫
|x|=R
vp+1dσR
− (−1)m
m−1∑
i=0
2R
∫
|x|=R
∂∆iu
∂n
.
∂∆m−i−1v
∂n
dσR
− (−1)m
m−1∑
i=0
R
∫
|x|=R
(∇∆iu,∇∆m−i−1v)dσR
− (−1)m
m−2∑
i=0
R
∫
|x|=R
∆i+1u.∆m−i−1vdσR
+ (−1)m
m−1∑
i=0
(2m− 2i− 2 + a1)
∫
|x|=R
∂∆iu
∂n
.∆m−i−1vdσR
+ (−1)m
m−1∑
i=0
(2i+ a2)
∫
|x|=R
∆iu.
∂∆m−i−1v
∂n
dσR.
3. Proof of Theorem 1.1
Proof of Theorem 1.1. Since the theorem was proved in dimension N ≤ 2m + 1 (see [6]),
we only prove the Theorem in dimension N ≥ 2m + 2. Without loss of generality, we assume
p ≥ q. Then we may assume in addition that
p ≥
N + 2m
N − 2m
. (14)
In fact, if q ≤ p < N+2m
N−2m
, then we may apply Theorem 1.2 (which will be proved independently
of Theorem 1.1 in Section 5). The proof is based on the idea of Souplet, which consists of 5 steps.
We repeat these steps in detail for completeness and because of the additional technicalities
coming from the coefficient |x|a, |x|b and from polyharmonic operator. Suppose that there exists
a positive solution (u, v) of (1) in RN .
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Step 1: Preparations. Let us choose a1, a2 such that a1 + a2 = N − 2m and
N + a
p+ 1
> a1,
N + b
q + 1
> a2 (15)
and set F (R) =
∫
BR
(|x|buq+1 + |x|avp+1)dx. By using the Rellich-Pohozaev identity (Lemma
2.5) and noting |x|avp+1 = (−∆)mu.v, |x|buq+1 = (−∆)mv.u, we have
F (R) ≤ C
(
G1(R) +G2(R)
)
,
where
G1(R) = R
N
m∑
i=0
∫
SN−1
|ui|.|vm−i|dθ, (16)
G2(R) = R
N
m−1∑
j=0
∫
SN−1
(
|Dxuj|+R
−1|uj|
) (
|Dxvm−j−1|+R
−1|vm−j−1|
)
dθ. (17)
We denote by
k =
p+ 1
p
, h =
q + 1
q
.
Step 2: Estimation of G1(R). Fix i ∈ {0, 1, ..., m}, we consider following two cases
Case 1
h
> 2i
N−1
: We set
1
γ1i
= 1−
2m− 2i
N − 1
,
1
δ1i
=
1
k
−
2m− 2i
N − 1
,
1
λ1i
= 1−
2i
N − 1
,
1
ρ1i
=
1
h
−
2i
N − 1
.
Let zi ∈ (1,+∞) such that
1
zi
= min
{
1−
2m− 2i
N − 1
,
1
q + 1
+
2i
N − 1
}
,
then we have
1
δ1i
≤
1
zi
≤
1
γ1i
,
1
ρ1i
≤ 1−
1
zi
=
1
z′i
≤
1
λ1i
.
It follows from Ho¨lder inequality that∫
SN−1
|ui|.|vm−i|dθ ≤ C‖ui‖zi‖vm−i‖z′i ≤ C‖ui‖
ν1i
γ1i
‖ui‖
1−ν1i
δ1i
‖vm−i‖
τ1i
λ1i
‖vm−i‖
1−τ1i
ρ1i
,
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where
ν1i = 1−
1
γ1i
− 1
zi
1
γ1i
− 1
δ1i
, τ1i = 1−
1
λ1i
− 1
z′i
1
λ1i
− 1
ρ1i
. (18)
Applying Lemma 2.1, we have
‖ui‖γ1i ≤ C(‖D
2m−2i
θ ui‖1+ε + ‖ui‖1) ≤ C(R
2m−2i‖D2m−2ix ui‖1+ε + ‖ui‖1)
≤ CR2m−2i(‖D2mx u‖1+ε +R
−2m+2i‖ui‖1),
‖ui‖δ1i ≤ C(‖D
2m−2i
θ ui‖k + ‖ui‖1) ≤ C(R
2m−2i‖D2m−2ix ui‖k + ‖ui‖1)
≤ CR2m−2i(‖D2mx u‖k +R
−2m+2i‖ui‖1),
‖vm−i‖λ1i ≤ C(‖D
2i
θ vm−i‖1+ε + ‖vm−i‖1) ≤ C(R
2i‖D2ix vm−i‖1+ε + ‖vm−i‖1)
≤ CR2i(‖D2mx v‖1+ε +R
−2i‖vm−i‖1),
‖vm−i‖ρ1i ≤ C(‖D
2i
θ vm−i‖h + ‖vm−i‖1) ≤ C(R
2i‖D2ix vm−i‖h + ‖vm−i‖1)
≤ CR2i(‖D2mx v‖h +R
−2i‖vm−i‖1).
Consequently,
∫
SN−1
|ui|.|vm−i|dθ ≤ CR
2m(‖D2mx u‖1+ε +R
−2m+2i‖ui‖1)
ν1i
.(‖D2mx u‖k +R
−2m+2i‖ui‖1)
1−ν1i
.(‖D2mx v‖1+ε +R
−2i‖vm−i‖1)
τ1i
.(‖D2mx v‖h +R
−2i‖vm−i‖1)
1−τ1i . (19)
Case 1
h
≤ 2i
N−1
: We take τ1i = 1 then inequality (19) still holds.
In two cases, we always have
G1(R) ≤ C
m∑
i=0
RN+2m(‖D2mx u‖1+ε +R
−2m+2i‖ui‖1)
ν1i
.(‖D2mx u‖k +R
−2m+2i‖ui‖1)
1−ν1i
.(‖D2mx v‖1+ε +R
−2i‖vm−i‖1)
τ1i
.(‖D2mx v‖h +R
−2i‖vm−i‖1)
1−τ1i
where ν1i, τ1i are defined in (18), in which τ1i = 1 if
1
h
≤ 2i
N−1
.
Step 3: Estimation of G2(R). Fix j ∈ {0, 1, ..., m− 1}, we consider following two cases
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Case 1
h
> 2j+1
N−1
: We set
1
γ2j
= 1−
2m− 2j − 1
N − 1
,
1
δ2j
=
1
k
−
2m− 2j − 1
N − 1
,
1
λ2j
= 1−
2j + 1
N − 1
,
1
δ2j
=
1
h
−
2j + 1
N − 1
.
Let tj ∈ (1,+∞) such that
1
tj
= min
{
1−
2m− 2j − 1
N − 1
,
1
q + 1
+
2j + 1
N − 1
}
,
then we have
1
δ2j
≤
1
tj
≤
1
γ2j
,
1
ρ2j
≤ 1−
1
tj
=
1
t′j
≤
1
λ2j
.
It follows from Lemma 2.1 that
R−1‖uj‖tj ≤ CR
−1(‖Dθuj‖tj + ‖uj‖1) ≤ C(‖Dxuj‖tj +R
−1‖uj‖1),
R−1‖vm−j−1‖t′j ≤ CR
−1(‖Dθvm−j−1‖t′j + ‖vm−j−1‖1)
≤ C(‖Dxvm−j−1‖t′j +R
−1‖vm−j−1‖1).
This combined with Ho¨lder inequality yields∫
SN−1
(
|Dxuj|+R
−1|uj|
) (
|Dxvm−j−1|+R
−1|vm−j−1|
)
dθ
≤ (‖Dxuj‖tj +R
−1‖uj‖tj ).(‖Dxvm−j−1‖t′j +R
−1‖vm−j−1‖t′j )
≤ (‖Dxuj‖tj +R
−1‖uj‖1).(‖Dxvm−j−1‖t′j +R
−1‖vm−j−1‖1)
≤ (‖Dxuj‖γ2j +R
−1‖uj‖1)
ν2j .(‖Dxuj‖δ2j +R
−1‖uj‖1)
1−ν2j
.(‖Dxvm−j−1‖λ2j +R
−1‖vm−j−1‖1)
τ2j
.(‖Dxvm−j−1‖ρ2j +R
−1‖vm−j−1‖1)
1−τ2j
where
ν2j = 1−
1
γ2j
− 1
tj
1
γ2j
− 1
δ2j
, τ2j = 1−
1
λ2j
− 1
t′j
1
λ2j
− 1
ρ2j
.
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On the other hand, applying Lemma 2.1, we have
‖Dxuj‖γ2j ≤ C(‖D
2m−2j−1
θ Dxuj‖1+ε + ‖Dxuj‖1)
≤ C(R2m−2j−1‖D2m−2j−1x uj‖1+ε + ‖Dxuj‖1)
≤ CR2m−2j−1(‖D2mx u‖1+ε +R
−2m+2j+1‖Dxuj‖1),
‖Dxuj‖δ2j ≤ C(‖D
2m−2j−1
θ Dxuj‖k + ‖Dxuj‖1)
≤ C(R2m−2j−1‖D2m−2j−1x Dxuj‖k + ‖Dxuj‖1)
≤ CR2m−2j−1(‖D2mx u‖k +R
−2m+2j+1‖Dxuj‖1),
‖Dxvm−j−1‖λ2j ≤ C(‖D
2j+1
θ Dxvm−j−1‖1+ε + ‖Dxvm−j−1‖1)
≤ C(R2j+1‖D2j+1x Dxvm−j−1‖1+ε + ‖Dxvm−j−1‖1)
≤ CR2j+1(‖D2mx v‖1+ε +R
−2j−1‖Dxvm−j−1‖1),
‖Dxvm−j−1‖ρ2j ≤ C(‖D
2j+1
θ Dxvm−j−1‖h + ‖Dxvm−j−1‖1)
≤ C(R2j+1‖D2j+1x Dxvm−j‖h + ‖Dxvm−j−1‖1)
≤ CR2j+1(‖D2mx v‖h +R
−2j−1‖Dxvm−j−1‖1).
Hence,
RN
∫
SN−1
(
|Dxuj|+R
−1|uj|
) (
|Dxvm−j−1|+R
−1|vm−j−1|
)
dθ
≤ CRN+2m(‖D2m−2j−1x uj‖1+ε +R
−2m+2j+1‖Dxuj‖1 +R
−2m+2j‖uj‖1)
ν2j
.(‖D2mx u‖k +R
−2m+2j+1‖Dxuj‖1 +R
−2m+2j‖uj‖1)
1−ν2j
.(‖D2mx v‖1+ε +R
−2j−1‖Dxvm−j−1‖1 +R
−2j−2‖vm−j−1‖1)
τ2j
.(‖D2mx v‖h +R
−2j−1‖Dxvm−j−1‖1 +R
−2j−2‖vm−j−1‖1)
1−τ2j .
Case 1
h
≤ 2j+1
N−1
: We take τ2j = 1 then inequality (19) still holds. Therefore,
G2(R)≤CR
N+2m
m−1∑
j=0
(‖D2m−2j−1x uj‖1+ε+R
−2m+2j+1‖Dxuj‖1+R
−2m+2j‖uj‖1)
ν2j
.(‖D2mx u‖k +R
−2m+2j+1‖Dxuj‖1 +R
−2m+2j‖uj‖1)
1−ν2j
.(‖D2mx v‖1+ε +R
−2j−1‖Dxvm−j−1‖1 +R
−2j−2‖vm−j−1‖1)
τ2j
.(‖D2mx v‖h + R
−2j−1‖Dxvm−j−1‖1 +R
−2j−2‖vm−j−1‖1)
1−τ2j .
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Step 4: measure and feedback argument. For a given K > 0, let us define the sets
Γ1(R) = {r ∈ (R, 2R); ‖D
2m
x u(r)‖
k
k > KR
−N+ a
pF (4R)},
Γ2(R) = {r ∈ (R, 2R); ‖D
2m
x v(r)‖
h
h > KR
−N+ b
qF (4R)},
Γ3(R) = {r ∈ (R, 2R); ‖D
2m
x u(r)‖
1+ε
1+ε > KR
−2m−α− a+bp
pq−1
+aε},
Γ4(R) = {r ∈ (R, 2R); ‖D
2m
x v(r)‖
1+ε
1+ε > KR
−2m−β− b+aq
pq−1
+bε},
Γ5i(R) = {r ∈ (R, 2R); ‖ui(r)‖1 > KR
−2i−α− a+bp
pq−1}, i = 0, 1, ..., m,
Γ6i(R) = {r ∈ (R, 2R); ‖vi(r)‖1 > KR
−2i−β− b+aq
pq−1}, i = 0, 1, ..., m,
Γ7j(R) = {r ∈ (R, 2R); ‖Dxuj(r)‖1 > KR
−2j−1−α− a+bp
pq−1}, j = 0, 1, ..., m− 1,
Γ8j(R) = {r ∈ (R, 2R); ‖Dxvj(r)‖1 > KR
−2j−1−β− b+aq
pq−1}, j = 0, 1, ..., m− 1.
It follows from Lemma 2.4 that
CRa/pF (4R) ≥
2R∫
R
‖D2mx u(r)‖
k
kr
N−1dr ≥ |Γ1(R)|R
N−1KR−N+
a
pF (4R).
Consequently,
|Γ1(R)| ≤
C
K
R.
Similarly, we have
|Γl(R)| ≤
C
K
R, l = 2, 3, 4,
|Γli(R)| ≤
C
K
R l = 5, 6; i = 0, 1, ..., m,
|Γlj(R)| ≤
C
K
R l = 7, 8; j = 0, 1, ..., m− 1.
By choosing K large enough, we can find
R˜ ∈ (R, 2R) ⊂
{
4⋃
l=1
Γl(R)
⋃
l=5,6;i=0,...,m
Γli(R)
⋃
l=7,8;j=0,...,m−1
Γlj(R)
}
6= ∅.
Let us check that
2m+ α +
a+ bp
pq − 1
>
N
k
−
a
pk
, (20)
2m+ β +
b+ aq
pq − 1
>
N
h
−
b
qh
. (21)
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Indeed, by computation
M : = (2m+ α)k +
a+ bp
pq − 1
k −N +
a
p
= pβk +
(a+ bp)(p+ 1)
p(pq − 1)
−N +
a
p
= β(p+ 1) +
(a + bp)
2mp
α−N +
a
p
= pβ + β +
a
2mp
α +
b
2m
α−N +
a
p
= α + β + 2m−N +
b
2m
α +
a
2mp
(α + 2)
= α + β + 2m−N +
b
2m
α +
a
2m
β > 0.
Thus, (20) holds. Similarly for (21). Hence, for ε > 0 small enough, we have
1
1 + ε
(2m+ α +
a+ bp
pq − 1
− aε) >
N
k
−
a
pk
, (22)
1
1 + ε
(2m+ β +
b+ aq
pq − 1
− bε) >
N
h
−
b
qh
. (23)
We may now control G1(R) and G2(R) as follows.
G1(R˜) ≤ CR
N+2m
m∑
i=0
(
R−α−2m−
a+bp
pq−1 +R(−2m−α−
a+bp
pq−1
+aε)/(1+ε)
)ν1i
.
(
R−β−2m−
b+aq
pq−1 +R(−2m−β−
b+aq
pq−1
+bε)/(1+ε)
)τ1i
.
(
R−
N
k
+ a
pkF 1/k(4R) +R−α−2m−
a+bq
pq−1
)1−ν1i
.
(
R−
N
h
+ b
qhF 1/h(4R) +R−β−2m−
b+aq
pq−1
)1−τ1i
. (24)
Using (22) - (23), we obtain
G1(R˜) ≤ C
m∑
i=0
R−a1i(ε)F b1i(4R) (25)
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where
a1i(ε) =−N − 2m+
ν1i
1 + ε
(
α + 2m+
a+ bp
pq − 1
− aε
)
+
τ1i
1 + ε
(
β + 2m+
b+ aq
pq − 1
− bε
)
+
(
N −
a
p
)
(1− ν1i)
k
+
(
N −
b
q
)
(1− τ1i)
h
,
b1i =
1− ν1i
k
+
1− τ1i
h
.
Similarly,
G2(R˜) ≤ CR
N+2m
m−1∑
j=0
(
R−α−2m−
a+bp
pq−1 +R(−2m−α−
a+bp
pq−1
+aε)/(1+ε)
)ν2j
.
(
R−β−2m−
b+aq
pq−1 +R(−2m−β−
b+aq
pq−1
+bε)/(1+ε)
)τ2j
.
(
R−
N
k
+ a
pkF 1/k(4R) +R−α−2m−
a+bq
pq−1
)1−ν2j
.
(
R−
N
h
+ b
qhF 1/h(4R) +R−β−2m−
b+aq
pq−1
)1−τ2j
≤ C
m−1∑
j=0
R−a2j(ε)F b2j (4R). (26)
where
a2j(ε) =−N − 2m+
ν2j
1 + ε
(
α + 2m+
a + bp
pq − 1
− aε
)
+
τ2j
1 + ε
(
β + 2m+
b+ aq
pq − 1
− bε
)
+
(
N −
a
p
)
(1− ν2j)
k
+
(
N −
b
q
)
(1− τ2j)
h
,
b2j =
1− ν2j
k
+
1− τ2j
h
.
We set
a˜ = min {a1i(ε), a2j(ε); i = 0, ..., m; j = 0, ..., m− 1} ,
b˜ = max{b1i, b2j , i = 0, ..., m; j = 0, ..., m− 1}.
Then from (25) and (26), we obtain
F (R) ≤ CR−a˜F b˜(4R), R ≥ 1. (27)
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We claim that there exist a constant M0 > 0 and a sequence Rl →∞ such that
F (4Rl) ≤M0F (Rl).
Assume that the claim is false. Then, for any M0 > 0, there exists R0 > 0 such that F (4R) ≥
M0F (R) for all R ≥ R0. But since u, v are bounded, we have F (R) ≤ CR
N+a+b. Thus
M l0F (R0) ≤ F (4
lR0) ≤ C(4
lR0)
N+a+b = CRN+a+b0 4
l(N+a+b), ∀l ≥ 0.
This is a contradiction for l large if we choose M0 > 4
N+a+b.
Now we assume we have proved that a˜ > 0 and b˜ < 1, then from (27) we have
F (Rl) ≤ CR
−a˜/(1−b˜)
l .
Letting l →∞, we obtain
∫
RN
(|x|buq+1 + |x|avp+1)dx = 0, hence u ≡ v ≡ 0: contradiction.
Step 5: Fulfillment of the conditions a˜ > 0 and b˜ < 1
a) Verification of conditions a1i(0) > 0 and b1i < 1. We first verify b1i < 1.
Case 1: 1
h
≥ 2m
N−1
. From the definition of zi, we have
1
zi
= 1
q+1
+ 2i
N−1
. Hence,
1− b1i = 1−
1
k
.
1
γ1i
− 1
zi
1
γ1i
− 1
δ1i
−
1
h
.
1
λ1i
− 1
z′i
1
λ1i
− 1
ρ1i
= 1− p
(
1−
1
q + 1
−
2m
N − 1
)
−
q
q + 1
=
pq − 1
(q + 1)(N − 1)
(
α−N + 2m+ 1
)
> 0.
Case 2: 2i
N−1
< 1
h
< 2m
N−1
. From the definition of zi, we have
1
zi
= 1− 2m−2i
N−1
. Hence,
1− b1i = 1−
1
k
.
1
γ1i
− 1
zi
1
γ1i
− 1
δ1i
−
1
h
.
1
λ1i
− 1
z′i
1
λ1i
− 1
ρ1i
= 1−
1
h
.
1− 2m
N−1
1− 1
h
> 1−
1
h
> 0.
Case 3: 2i
N−1
≥ 1
h
. Then we have τ1i = 1. Hence,
1− b1i = 1−
1
k
(1− ν1i) > 0.
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Therefore b1i < 1, for any i ∈ {0, 1, ..., m}. We next verify a1i(0) > 0. Indeed,
a1i(0) =−N − 2m+ ν1i
(
α + 2m+
a + bp
pq − 1
)
+ τ1i
(
β + 2m+
b+ aq
pq − 1
)
+
(
(2m+ α)k +
a+ bp
pq − 1
k −M
)
(1− ν1i)
k
+
(
(2m+ β)h+
b+ aq
pq − 1
h−M
)
(1− τ1i)
h
=−N − 2m+ 2m+ α+
a+ bp
pq − 1
+ 2m+ β +
b+ aq
pq − 1
−M
(
1− ν1i
k
+
1− τ1i
h
)
=M −Mb1i = M(1− b1i) > 0.
b) Verification of conditions a2j(0) > 0 and b2j < 1. We first verify b2j < 1.
Case 1: 1
h
≥ 2m
N−1
. We have 1
tj
= 1
q+1
+ 2j+1
N−1
.
1− b2j = 1−
1
k
.
1
γ2j
− 1
tj
1
γ2j
− 1
δ2j
−
1
h
.
1
λ2j
− 1
t′j
1
λ2j
− 1
ρ2j
= 1− p
(
1−
1
q + 1
−
2m
N − 1
)
−
q
q + 1
=
pq − 1
(q + 1)(N − 1)
(
α−N + 2m+ 1
)
> 0.
Case 2: 2j+1
N−1
< 1
h
< 2m
N−1
. We have 1
tj
= 1− 2m−2j−1
N−1
.
1− b2j = 1−
1
k
.
1
γ2j
− 1
tj
1
γ2j
− 1
δ2j
−
1
h
.
1
λ2j
− 1
t′j
1
λ2j
− 1
ρ2j
= 1−
1
h
.
1− 2m
N−1
1− 1
h
> 1−
1
h
> 0.
Case 3: 2j+1
N−1
≥ 1
h
. Then we have τ2j = 1. Hence
1− b2j = 1−
1
k
(1− ν2j) > 0.
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Therefore b2j < 1, for any j ∈ {0, 1, ..., m− 1}. We next verify a2j(0) > 0. Indeed,
a2j(0) =−N − 2m+ ν2j
(
α + 2m+
a + bp
pq − 1
)
+ τ2j
(
β + 2m+
b+ aq
pq − 1
)
+
(
(2m+ α)k +
a+ bp
pq − 1
k −M
)
(1− ν2j)
k
+
(
(2m+ β)h+
b+ aq
pq − 1
h−M
)
(1− τ2j)
h
=−N − 2m+ 2m+ α +
a + bp
pq − 1
+ 2m+ β +
b+ aq
pq − 1
−M
(
1− ν2j
k
+
1− τ2j
h
)
=M −Mb2j = M(1− b2j) > 0.
From the computations above, we can choose ε > 0 small enough such that a˜ > 0 and b˜ < 1.
Theorem is proved.
4. Proof of Theorem 1.2.
We first need the following decay estimates for solutions of system (1). The proof of Propo-
sition 4.1 is totally similar to that in [13, Theorem 1.3].
Proposition 4.1. Let p, q ≥ 1, pq 6= 1, a, b ≥ 0. Assume (6) and (7). Then there exists
a constant C = C(N,m, p, q, a, b) > 0 such that any nonnegative solution of system (1) in
Ω = {x ∈ RN : |x| > ρ} (ρ ≥ 0) satisfies
u(x) ≤ C|x|−α−
a+bp
pq−1 , v(x) ≤ C|x|−β−
b+aq
pq−1 , |x| > 2ρ.
|∇iu(x)| ≤ C|x|−i−α−
a+bp
pq−1 , |∇iu(x)| ≤ C|x|−i−β−
b+aq
pq−1 , |x| > 2ρ, i = 0, ..., 2m− 1.
Proof of Theorem 1.2. Let (u, v) be a positive solution of system (1). By the Rellich-Pohozaev
identity (Lemma 2.5) with (15), we have∫
BR
|x|avp+1 dx+
∫
BR
|x|buq+1 dx ≤ G1(R) +G2(R)
Where G1, G2 are defined in (16) and (17). Using the decay estimates in Proposition 4.1, we
have,
G1(R) +G2(R) ≤ CR
N−2m−(1+ b
2m
)α−(1+ a
2m
)β → 0, as R→∞,
due to (7) (which implies (5)). Therefore, u ≡ v ≡ 0. 
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